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Abstract
We consider the effective 1 + 1-dimensional chiral theory describing fluctuations of the
order parameter of the Disoriented Chiral Condensate (DCC) which can be formed in
the central rapidity region in a relativistic nucleus-nucleus or nucleon-nucleon collisions
at high energy. Using 1+1-dimensional reduction of QCD at high energies and assuming
spin polarization of DDC one can find the Wess-Zumino-Novikov-Witten (WZNW) model
at level k = 3 as the effective chiral theory for the one-dimensional DDC. Some possible
phenomenological consequences are briefly discussed.
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There exists some connection between high-energy scattering in quantum chromody-
namics (QCD) and effective 1 + 1 dimensional field theory [1]. It was shown recently in
a very elegant way [2] how to derive the effective 1 + 1- dimensional theory describing
the high energy intraction between two quarks in the limit s >> t >> ΛQCD. To get the
two-dimensional picture one can split four coordinates into two longitudinal coordinates
xα and two transverse coordinates xi
xα = (x+, x−), xi = (x, y) (1)
with x± = t± z, and then perform the rescaling of the longitudinal coordinates
x± → λx± (2)
with λ ∼ 1/√s → 0. In this limit QCD Lagrangian will reduce to some effective 1 + 1-
dimensional Lagrangian ( for more details see paper[2]).
The aim of this paper is to apply similar ideas to another high-energy process - forma-
tion of the Disoriented Chiral Condensate (DCC) [3] in a relativistic nuclear collision. It
is well known that QCD Lagrangian is invariant (approximately iif nonzero masses for the
light Nf quarks are taken into account) under global chiral SU(Nf )L × SU(Nf )R, where
Nf is the number of the light flavours. This symmetry is spontaneously broken down
to vector SU(Nf )V which leads to N
2
f − 1 (quasi)goldstone bosons - pions (if Nf = 2)
or pions, kaons and η meson (if Nf = 3). The order parameter for this breaking is the
vacuum expectation value of quark condensate < ψ¯ψ >. However one can imagine that
under some special conditions in a finite volume V during the time interval T the vacuum
condensate may be disoriented in isotopical space. It is convenient to describe chiral dy-
namics by sigma-model with isoscalar σ and isovector ~π fileds (in the case of Nf = 2) and
constarint σ2 + ~π2 = f 2pi . In vacuum one has < σ >= fpi and since σ is a isoscalar there
is an isoscalar condensate < ψ¯ψ > only. However one can consider another configuration
- < σ >= fpi cos θ and ~π = fpi~n sin θ, here ~n is some unit vector in the isospace, which
describes DCC, i.e. some classical pion field configuration, which is metastable and de-
cays after some time into pions - the signature for this event will be the large number of
either neutral (π0) or charged (π±) pions [3]. It will be interesting to formulate effective
low-energy theory describing this condensate and small fluctuations around it. One ob-
vious candidate is the usual four-dimensional chiral model - however we must remember
that we are considering now the small fluctuations of the order parameter not around the
O(3, 1) invariant vacuum, but around some new metastable ground state arising immedi-
ately after the collision where neither 3 + 1 Lorentz invariance nor rotational invariance
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are valid. Thus the effective chiral model may be anisotropic and one can think about
some new universality classes.
It is important to remember that in the Bjorken model of the hydrodynamical expan-
sion in the central rapidity region [4] (see also [5]) one has approximate 1 + 1 Lorentz
invariance with respect to the longitudinal boosts x± → exp(±θ)x± which is based on the
fact that initial conditions for the hydrodynamical expansion are invariant with respect to
longitudinal Lorentz boosts†. It was estimated in [4, 5] that until the time RA/vs, where
RA is the nucleus radius and vs is the speed of the sound waves in nuclear matter (for
a uranium nucleus this time is approximately 10 fm) the expansion will be largely 1 + 1
dimensional. It is precisely during this time the DCC may be formed and we shall try to
find the effectie 1 + 1-dimensional theory describing DCC in the central rapidity region,
where rapidity is defined as y = 1
2
ln(x+/x−).
To derive this effective theory we shall use the same approach as in a derivation of
a 3 + 1 chiral Lagrangian from QCD (see, for example, [7] and references therein), i.e.
consider pions πa as the elementary external fields interacting with quarks. The effective
low-energy action is
e−W [pi] = Z−1
∫
DAµDΨDΨ¯exp{−S[A] +
∫
d4xΨ¯eiΠγ5 [γµ(i∂µ + eAµ) +M ]e
iΠγ5Ψ}
Z =
∫
DAµDΨDΨ¯exp{−S[A] +
∫
d4xΨ¯[γµ(i∂µ + eAµ) +M ]Ψ} (3)
where Π = πata/fpi and t
a are the generators of the axial SU(Nf ), fpi = 95MeV is
the pion coupling constant and S[A] = 1
4
∫
d4x tr(FµνF
µν) is the gluon action, Fµν =
∂µAν− ∂νAµ + e [Aµ, Aν ] is the non-abelian field strength, Aµ = Aaµτa and τa are the
generators of the the colour SU(3)c. We also include here the quark mass term Ψ¯MΨ,
where M = diag(m1 · · ·mNf ) is the quark mass matrix.
We can rewrite the fermion part of the action as:
SΨ =
∫
d4xΨ¯γµ[
1 + γ5
2
(i∂µ + Lµ) +
1− γ5
2
(i∂µ +Rµ)]Ψ (4)
where left and right gauge fields are
Lµ = I ⊗ eAµ + iU−1∂µU ⊗ I
Rµ = I ⊗ eAµ + iU∂µU−1 ⊗ I (5)
† This initial conditions are different from the initial conditions in the Landau model [6]
which leads to explosion at t, z ≈ 1fm
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and U = exp(iΠ). The first factor in the direct products refers to flavor SU(Nf ), while
the second refers to color SU(3)c.
We are looking now for some new (quasi)one-dimensional chiral models and will try to
derive some effective 1 + 1-dimensional action W1+1[π] describing the fluctuations of the
chiral order parameter in the central rapidity region arising after nucleus-nucleus collision.
To extract that part of the action that is relevant to the high-energy collision we shall
use rescaling of the light-cone coordinates suggested in [2] x± → λx±. The components of
the gauge potential are transformed under rescaling as Ai → Ai and Aα → λ−1Aα, while
the quark fields are transformed as ψ → ψ/√λ. Hence the rescaled gluon action can be
written in the following form
S =
∫
d4x tr[
1
2
(EαβFαβ + FαiF
αi) +
λ2
4
(EαβE
αβ + FijF
ij)] (6)
where Eαβ is an auxilary field. The rescaling action describes the same physics as the
original one if one also rescales s → λ2s, thus high energy limit s → ∞ corresponds to
λ→ 0 in the rescaled theory [2] and we get the truncated action
S[A,E] =
1
2
∫
d2xidx+dx− tr(EαβFαβ + FαiF
αi). (7)
and now the auxiliary field Eαβ becomes a Lagrange multiplier imposing the zero-curvature
constraint
Fαβ = 0, Aα =
1
e
g−1∂αg (8)
Now let us consider the fermion action after rescaling
SΨ =
∫
d4xΨ¯γα[
1 + γ5
2
(i∂α + Lα) +
1− γ5
2
(i∂α +Rα)]Ψ +
λ
∫
d4xΨ¯γi[
1 + γ5
2
(i∂i + Li) +
1− γ5
2
(i∂i +Ri)]Ψ + λ
∫
d4xΨ¯MΨ (9)
Taking the limit λ → 0 we see that mass term disappears and quarks propagate in the
longitudinal directions only and couple only to L± and R± components which becomes
pure gauge (let’s remember that colour and flavor commute with each other):
L± = (U ⊗ g)−1∂±(U ⊗ g), R± = (U−1 ⊗ g)−1∂±(U−1 ⊗ g) (10)
To get the effective two-dimensional action we must rewrite four dimensional fermions
Ψ in terms of two-dimensional ones. Using the chiral basis for γ-matrices:
γ0 =
(
0 I
I 0
)
, γi =
(
0 σi
−σi 0
)
, γ5 =
(
I 0
0 −I
)
(11)
4
it is easy to get
S1+1(ψ, φ) =
∫
d4xΨ†L[(i∂0 + L0)− σz(i∂z + Lz)]ΨL + Φ†R[(i∂0 +R0) + σz(i∂z +Rz)]ΦR =∫
d2xidx+dx− ψ†+(i∂+ + L+)ψ+ + ψ
†
−(i∂− + L−)ψ− + (12)∫
d2xidx+dx− φ†+(i∂+ +R+)φ+ + φ
†
−(i∂− +R−)φ−
where two-component left and right spinors ΨL and ΨR were defined as ΨL = (ψ−, ψ+)
and ΨR = (φ+, φ−) and there are two left (in two-dimensional sense) ψ+ and φ+ fermions
and two right ψ− and φ− fermions.
When we neglected the transverse part of the fermion action we assumed that quarks
transverse momenta are sufficiently small λ|p⊥| << 1 and it looks reasonable to consider
fermion fields as independent on xi - one has decoupled one-dimensional systems and to
calculate the effective action W1+1(π) we must calculate the two-dimensional determi-
nants of the Dirac operators: W1+1(π) = ln det[σα(∂α + Lα)] + ln det[σα(∂α + Rα)]. The
determinant of the Dirac operator in a nonabelian gauge field Aα have been calculated
by Polyakov and Wiegmann [8]
ln det[σα(∂α + Aα)] =W1(G ·H−1); A+ = G−1∂+G, A− = H−1∂−H (13)
where Wk(G) is the action [9] of the Wess-Zumino-Novikov-Witten (WZNW) model at
level k
Wk(G) =
k
4π
∫
d2xTr
(
G−1∂αG ·G−1∂αG
)
+
k
12π
∫
M
d3x ǫαβγTrG−1∂αG ·G−1∂βG ·G−1∂γG, (14)
and M is a three-dimensional disc the boundary of which is our two-dimensional space.
The chiral field G(x) takes the value in the direct product SU(3)c × SU(Nf ).
Using (10) one can see that for both L± and R± fields GL(R) = HL(R) and thus
W1+1(π) = W (GL · H−1L ) + W (GR · H−1R ) = 0, i.e. we do not obtain any nontrivial
two-dimensional chiral action - the chiral dynamics of DCC will be described by usual
four-dimensional chiral lagrangian. The reason for this is the follows - after the reduction
to a two-dimensional problem the chiral (in a four-dimensional sense) spinors ΨL and
ΨR were transformed into left-right symmetric (in a two-dimensional sense) pairs ψ±
and φ± interacting with two vector fields L± and R± - thus in resulting theory original
chiral rotations look like vector gauge transformations and have no anomaly, which means
that there is no two-dimensional chiral action . To obtain nontrivial W1+1(π) one must
5
have two-dimensional anomaly for chiral transformation and it is possible to obtain it by
removing left(right)-moving fermion from one pair and right(left)-moving fermion from
another one ‡. What means this further reduction ? Let us remember that chiral fermions
have definite spin projection on the momentum direction ~n (neglecting the fermion mass)
(~σ~n)ΨL,R = ±ΨL,R. Then afer reduction one has four 1 + 1-dimensional fermion moving
along z-axis - ψ± and φ±. For ψ fermions (which are components of left spinor ΨL) the
direction of spin is the same as the direction of momentum, for φ it is the opposite. Thus
removing, let us say, ψ− and φ+ we have one left-mover ψ+ and one right-mover φ− - but
both of them have the same direction of spin and this additional reduction leads to the
spin-polarized vacuum. One can estimate the spin in this state as a volume in a phase
space occupied by this fermions S ≈ R2⊥LΛ3, where R⊥ is the transverse scale, L is the
longitudinal one and Λ is the ultraviolett cutoff for effective chiral model which is defined
by the inverse ”size of the pion”, i.e. pion coupling constant fpi = 95MeV . One can
estimate transverse radius as R⊥ ∼ 1/fpi comparing the two-dimensional reduction of the
four-dimensional action f 2pi
∫
d4x∂µπ∂µπ and the two-dimensional one
∫
d2x∂απ∂απ. The
fact that R⊥fpi ∼ 1 means that we really have one-dimensional phase space (as it should
be) and transverse fermion excitations are irrelevant. For spin one gets estimate S ≈ Lfpi,
for example for L = 10 fm. one gets S ≈ 10.
We can suggest that such a spin-polarized state can appear in ultra- relativistic colli-
sions with polarized nucleus. To support this idea let us use the Walker arguments [10]
about the heavy ion as a color vacuum-cleaner - due to the strong interaction of each col-
ored parton in the target with soft gluons from projectile all colored degrees of freedom
will be swept out of the target. That ”nothing” which is left behind the leading parti-
cles in the central rapidity region carries no memory of the valence degrees of freedom,
but carries four-momentum Pµ and it is in this region the creation of DCC is possible.
However the same region can carry angular momentum too - and thus one can imagine
that after the collision of the polarised nucleus there will be large spin polarization in the
central rapidity region. Then one can think that reduced 1 + 1-dimensional model with
action (again we are assuming that there are no dependence on the transverse coordinate
xi)
S1+1(ψ+, φ−) =
∫
d2xidx+dx−ψ†+(i∂+ + L+)ψ+ + φ
†
−(i∂− +R−)φ− (15)
will describe spin-polarized DCC. The effective action W1+1(π) = ln det[σα(∂α + Aα)] is
‡We cannnot remove both ψ+, φ+ or ψ−, φ− because in this case there will be anomaly for
color SU(3)c too, which is absolutely forbidden
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nontrivial now, because the gauge fields are
A+ = (U ⊗ g)−1∂+(U ⊗ g), A− = (U−1 ⊗ g)−1∂−(U−1 ⊗ g) (16)
so G = U ⊗ g, H = U−1 ⊗ g and G · H−1 = U2 ⊗ I. The gluon degrees of freedom
are decoupled from the effective action and trace over the color group gives us the factor
Nc = 3 in front of WZNW action. Thus the effective one-dimensional chiral dynamics
of the spin-polarized disoriented chiral condensate is governed by the SU(Nf ) WZNW
model at level k = 3:
W1+1[π] =
3
4π
∫
d2xTr
(
U−1∂αU · U−1∂αU
)
+
3
12π
∫
M
d3x ǫαβγTrU−1∂αU · U−1∂βU · U−1∂γU, (17)
where we changed definition and denote U2 as U , which is now defined as U = exp(2iπata/fpi).
May be it is also possible to get WZNW models at levels 2 and 1 - in the case when the
spin-polarization is not complete and besides ψ+ and φ− fields there are some (but smaller)
number of ψ−, φ+ pairs - however this is not completely clear now.
Thus long-range fluctuations of the order parameter U are described by the two-
dimensional conformal field theory - this is important and means that one can have quasi
one-dimensional chiral condensate which will not be destroyed by the infrared effects.
The WZNW model is exactly solvable and the spectrum of anomalous dimensions and
correlation functions are known [11], so we can use this information to study the correla-
tion between th order parameter values in the different space-time regions. The two-point
correlation function (up to some normalization factor C) is
〈U ij(z, t) U †kl (z′, t′)〉 = Cδilδkj [(z − z′)2 − (t− t′)2]−2∆ (18)
i, j, k, l are SU(Nf ) indices and anomalous dimension of the chiral field U equals
∆ =
cg
Nf + k
(19)
where the constant cg is defined as t
ata = cgI. For flavor SU(2) and k = 3 one gets
cg = 3/4 and ∆ = 3/20. It is more convenient to rewrite correlation function (18) in
proper time - rapidity coordinates [4] τ 2 = t2 − z2; y = (1/2) ln(t + z)/(t − z) and to
study the correlation at equal proper time τ . Then
〈U ij(τ, y) U †kl (τ, y′)〉 = Cδilδkj (
√
2τ)−4∆[ch(y − y′)− 1]−2∆ (20)
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and in the central rapidity region when y and y′ are small we shall get a simple scaling law
(y − y′)−3/5. Because the direction of the order parameter gives us the ratio of neutral to
charge pions arising after decay of DCC, the two-point correlation function (20) gives us a
distribution of the events with a given ratio of neutral to charged pions in a given rapidity
interval. We also can consider more complicated correlation functions, for example four-
point correlation functions which were calculated in [11]. These function will give us
the multiparticle correlations. It will be extremely interesting to look for such correlation
either in nucleus-nucleus collisions or even at high-energy nucleon-nucleon collision at SSC.
It is also interesting to understand what will be the phenomenological manifestations of
the spin-polarization.
In conclusion we would like to briefly discuss the possibility to take into account the
effect of leading particles (the regions in the rapidity space with the nonvanishing baryon
number) in this picture. What we have is the two-dimensional conformal field theory
defined on the finite interval. The baryon charge is distributed at the boundaries of this
interval and one can try to take it into account by adding some boundary vertex operators
- if this is possible one can apply the well eleborated methods of the conformal field the-
ory to study the dynamics of the condensate at large rapidities. The effect of the baryon
charge in this regions could be described as the soliton charge of the boundary vertex
operators. Using this approach one can study correlations between leading particles mov-
ing into opposite directions. It is also interesting to understand how to take into account
interaction between fluctuations of the DCC order parameter U and the hydrodynamical
fluctuations during the 1 + 1-dimensional expansion. The hydrodynamical fluctuations
are connected with the group of the one-dimensional diffeomorphisms DiffR1 and it may
be that the large scale fluctuations are governed by the two-dimensional quantum gravity.
These and related questions deserve more detailed investigations.
I am grateful to A.A. Anselm for introducing me into this subject and to A. Bilal,
I. Klebanov and A. Polyakov for interesting and stimulating discussions. This work was
supported by the National Science Foundation grant NSF PHY90-21984.
Note added. - While this paper had being prepared for publication I was aware about
recent paper of Khlebnikov [12] where the two-dimensional description of the DCC was
considered and WZNW model was suggested as infrared fixed point of the general asym-
metric chiral model. It was also suggested that one can get WZNW model from reduction
of the 3 + 1 model with the Wess-Zumino term provided there is topologically nontrivial
configurations of kaons in transverse directions. However the level of the WZWN model
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in [12] was suggested to be 1, not 3. which leads to non-integer topological charges of
the kaon configuration Q = 4/3. Let us note, that if one takes k = 3 instead of k = 1
the charge will be integer Q = 1. The relation between this reduction and the spin-
polarization picture suggested in this paper is unclear for us now.
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